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Abstract
The object of study in this paper is the finite groups whose integral group
rings have only trivial central units. Prime-power groups and metacyclic
groups with this property are characterized. Metacyclic groups are classified
according to the central height of the unit groups of their integral group rings.
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1 Introduction
Given a finite group G, let U(Z[G]) be the group of units of the integral group ring
Z[G] and let Z(U(Z[G])) be its centre. The structure of Z(U(Z[G])) has been a
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subject of intensive research (see e.g. [4, 10, 11, 14, 15, 16, 17, 18, 19, 25]). Clearly
Z(U(Z[G])) contains the so-called trivial central units ±g, g ∈ Z(G), the centre
of G. Thus there arises the problem of characterizing the groups G having the
property that all central units of the integral group ring Z[G] are trivial. For
notational convenience, we refer to such groups as groups with the cut-property.
Abelian groups with the cut-property are precisely those having exponent 1, 2, 3, 4
or 6 [12]. It has been shown by Ritter and Sehgal [25] that a finite group G has
the cut-property if, and only if, for all x ∈ G and for every natural number j,
relatively prime to the order of G,
xj is conjugate to either x or x−1. (1)
The above characterization is equivalent (see [25] & [13], p. 545) to saying that,
if Q[G] ∼= ⊕iMni(Di), is the Wedderburn decomposition of the rational group
algebra Q[G], where Mni(Di) denotes the algebra of ni × ni matrices over division
ring Di, then
the centre Z(Di) of each Di is either Q or Q(
√−d), d ∈ N. (2)
In particular, the cut-property is quotient closed, i.e., if G is a group with the
cut-property, then so is every quotient of G. Our aim in this paper is to
investigate further the cut-property for finite groups. The study of this property
reveals, as expected, that it is a fairly restrictive property. After making some
general observations on the groups with the cut-property, we examine this
property in detail for nilpotent groups and metacyclic groups.
In Section 2, we prove (Theorem 1) that the order of a group with the
cut-property must necessarily be divisible by 2 or 3. Consequently, since this
property is quotient closed, a nilpotent group with the cut-property must be a
(2, 3)-group. We note that the above-mentioned characterization (1) of groups
with the cut-property can be considerably simplified in the case of 2-groups and
3-groups. We show that a 3-group G has the cut-property if, and only if, for all
x ∈ G, x2 is conjugate to x−1 (Theorem 2) and a 2-group G has the cut-property
if, and only if, for each x ∈ G, x3 is conjugate to either x or x−1 (Theorem 3). It is
interesting to note that, for 3-groups, the cut-property is closed under direct sum,
but it is not so for 2-groups.
In Section 3, as a contribution to understand the finite solvable groups with the
cut-property, we examine metacyclic groups, and give a complete classification of
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such groups with this property. It turns out that, up to isomorphism, only finitely
many metacyclic groups have the cut-property, of which we give a complete list
(Theorem 5).
It is known [1] that the central height of V (Z[G]), the group of units of aug-
mentation 1 in Z[G], is at most 2. We compute precisely the central height of
V (Z[G]), when G is a metacyclic group (Theorem 6).
2 Finite groups with Z(U(Z[G])) = ±Z(G)
We begin by observing that the cut-property has strong bearing on the centre
of the group. If G has the cut-property, then so does its centre Z(G). For
if Z = Z(G), then U(Z[Z]) ⊆ Z(U(Z[G])). In case G has the cut-property,
Z(U(Z[G])) = ±Z(G), and consequently, in that case, U(Z[Z]) = ±Z.
For a finite group G, let π(G) denote the set of primes which divide the order of G.
Theorem 1 If G has the cut-property, then either 2 or 3 ∈ π(G). Furthermore,
if G is nilpotent, then π(G) ⊆ {2, 3}.
Proof. Let G be a group with the cut-property. If 2 6∈ π(G), then, by the
odd-order theorem [9], G is solvable and hence G 6= G′, the derived subgroup
of G. Let p be a prime divisor of [G : G′], the index of G′ in G. Since the
cut-property is quotient-closed, G/G′ has the cut-property. Thus it follows that
G/G′ is a 3-group, and hence 3 ∈ π(G). Further, if G has the cut-property, then
so does G/Z(G). Thus, if G is nilpotent group, then each quotient in the upper
central series of G, being abelian with the cut-property, is of exponent 2, 3, 4 or 6
and hence π(G) ⊆ {2, 3}. 
We next investigate the 2-groups and 3-groups with the cut-property.
Theorem 2 A finite 3-group has the cut-property if, and only if, x2 is conjugate
to x−1, for all x ∈ G. Furthermore, if a 3-group G has the cut-property, then each
quotient in the lower, as well as the upper, central series of G is of exponent 3.
Proof. In view of the characterization (1) and the fact that 2 is a primitive root
modulo 3n, for all n ≥ 1, a 3-group G has the cut-property if, and only if, x2 is
conjugate to x or x−1, for all x ∈ G.
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Let G be a 3-group and let
G = γ1(G) ⊃ γ2(G) ⊃ ... ⊃ γn(G) = 〈1〉
be its lower central series. We claim that x2 is not conjugate to x for any 1 6= x ∈ G.
For, given 1 6= x ∈ G, there exists i (1 ≤ i < n) such that x ∈ γi(G) \ γi+1(G).
If x2 were conjugate to x, then x2 = g−1xg for some g ∈ G, and therefore x =
x−1g−1xg ∈ γi+1(G), which contradicts the assumption. This proves the first
statement.
Thus, if G is a 3-group with the cut-property, then for every 1 6= x ∈ G and
1 ≤ j < n, there exits y ∈ G such that x2 = y−1x−1y and therefore, x3 ∈ γj+1(G).
Next, let
〈1〉 = Z0(G) ⊂ Z1(G) ⊂ ... ⊂ Zn(G) = G
be the upper central series of G. Then, Z1(G) = Z(G) is of exponent 3 and
as the cut-property is quotient closed, it follows inductively that, for every i,
Zi+1(G)/Zi(G) is of exponent 3. 
Corollary 1 The cut-property is direct sum closed for 3-groups.
Proof. Let H and K be 3-groups with the cut-property and let G = H × K be
the direct sum of H and K. Further, let g = (h, k) ∈ G, h ∈ H , k ∈ K. Then,
g2 = (h2, k2) is conjugate to (h−1, k−1) = g−1 and hence, by Theorem 2, G has
the cut-property. 
In view of Eq. (1) and the fact that U(Z/2nZ) = 〈±1〉 ⊕ 〈3〉, we have the
following analogous result for 2-groups.
Theorem 3 A finite 2-group has the cut-property if, and only if, x3 is conjugate
to x or x−1, for all x ∈ G. Furthermore, if a 2-group G has the cut-property, then
each quotient in its lower central, as well as the upper central, series is of exponent
2 or 4.
Remark 1 Direct sum of 2-groups with the cut-property does not necessarily have
the cut-property. For example, let
H = 〈a, b | a8 = b2 = 1, b−1ab = a3〉 and K = 〈x | x4 = 1〉.
It is easy to check that both H and K have the cut-property. However, g = (a, x) ∈
H ×K, is such that g3 = (a3, x3) is neither conjugate to g nor to g−1.
An interesting class of p-groups with the cut-property is provided by Camina
groups. Recall that a group G is called a Camina group, if G′ 6= G and, for every
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g 6∈ G′, the coset gG′ is a conjugacy class. For a normal subgroup N of G, the
pair (G,N) is said to be a Camina pair, if each element g 6∈ N is conjugate to all
the elements in the coset gN , so that G is a Camina group, if (G,G′) is a Camina
pair. Camina p-groups have nilpotency class at most three, and the factors of their
lower central series are of exponent p [8, 21].
Theorem 4 Non-abelian Camina p-groups have the cut-property for p = 2, 3.
Proof. Let G be a Camina 3-group of class 2. Then G/G′ and G′ are both of
exponent 3. It thus immediately follows that x2 is conjugate to x−1 for every
x ∈ G, and consequently, by Theorem 2, G has the cut-property.
In case G is a Camina 2-group of class 2, then G has exponent 4, and hence
x3 = x−1 for every x ∈ G. Thus, in view of Theorem 3, G has the cut-property.
Next, let G be a p-group of nilpotency class 3, p = 2, 3. Then G/γ3(G) is a
Camina p-group of class 2, and so it has the cut-property. Furthermore, (G, γ3(G))
forms a Camina pair ([21], Theorem 5.2), which ensures, by Theorems 2 & 3, that
G has the cut-property. 
3 Finite metacyclic groups
3.1 Metacyclic groups with the cut-property
In this section, we determine the metacyclic groups with the cut-property.
We begin by recalling some results from [22] .
Let G be a finite group and K be a normal subgroup of subgroup H of G.
Define Hˆ := 1
|H|
∑
h∈H h and
ε(H,K) :=
{
Hˆ, H = K;∏
(Kˆ − Lˆ), otherwise,
where |H| denotes the order of H and L runs over the normal subgroups of H ,
which are minimal over the normal subgroups of H containing K properly.
A strong Shoda pair of G is a pair (H,K) of subgroups of G with the property that
(i) K is normal in H and H is normal in NG(K), the normalizer of K in G;
(ii) H/K is cyclic and a maximal abelian subgroup of NG(K)/K;
(iii) the distinct G-conjugates of ε(H,K) are mutually orthogonal.
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It is known that if (H,K) is a strong Shoda pair of G, then e(G,H,K), the sum of
distinct G-conjugates of ε(H,K), is a primitive central idempotent of Q[G] ([22],
Proposition 3.3).
Furthermore, a strong Shoda pair (H,K) of G with H normal in G has an easier
description in view of the following:
Proposition 1 ([22], Proposition 3.6) Let (H,K) be a pair of subgroups of a finite
group G satisfying the following conditions:
(i) K is normal in H and H is normal in G,
(ii) H/K is cyclic and a maximal abelian subgroup of NG(K)/K.
Then (H,K) is a strong Shoda pair and hence e(G,H,K) is a primitive central
idempotent of Q[G].
A big advantage of determining the primitive central idempotent of Q[G],
using strong Shoda pair (H,K) of G is that one can describe the structure of the
simple component Q[G]e(G,H,K) of Q[G], corresponding to the primitive central
idempotent e(G,H,K), in view of the next proposition.
Note that R ∗στ G denotes the crossed product of group G over the coefficient
ring R with action σ and twisting τ [23]. Recall that a classical crossed product is
a crossed product K ∗στ G, where K/F is a finite Galois extension, G = Gal(K/F )
is the Galois group of K/F and σ is the natural action of G on K. The classical
crossed product is denoted by (K/F, τ) [24].
Proposition 2 ([22], Proposition 3.4) Let (H,K) be a strong Shoda pair of a finite
group G with k = [H : K], N = NG(K), n = [G : N ], x a generator of H/K and
φ : N/H 7→ N/K a left inverse of the projection N/K 7→ N/H. Then,
Q[G]e(G,H,K) ∼= Mn(Q(ζk) ∗στ N/H),
where ζk denotes the k
th root of unity, the action σ and the twisting τ are given by
ζ
σ(a)
k = ζ
i
k, if x
φ(a) = xi; τ(a, b) = ζjk, if φ(ab)
−1φ(a)φ(b) = xj, for a, b ∈ N/H and
integers i and j.
Remark 2 The action σ in the above proposition is faithful and therefore
Q(ζk) ∗στ N/H can be described as a classical crossed product (Q(ζk)/F, τ), where
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F is the centre of the algebra and σ is determined by the action of N/H on H/K.
In this way, the Galois group Gal(Q(ζk)/F ) can be identified with N/H and with
this identification, F = Q(ζk)
N/H , the fixed field of N/H.
We now state the main theorem of this section, which classifies all metacyclic
groups with the cut-property.
Theorem 5 Let G be a finite non-abelian metacyclic group given by
G = 〈a, b | an = 1, bt = aℓ, b−1ab = ar〉, (3)
where n, t, r, ℓ are natural numbers such that rt ≡ 1 (mod n), ℓr ≡ ℓ (mod n) and
ℓ divides n. Then, G has the cut-property if, and only if, G is isomorphic to one
of the following:
〈a, b | an = 1, bt = 1, b−1ab = an−1〉, t = 2, 4, 6, n = 3, 4, 6;
〈a, b | a4 = 1, bt = a2, b−1ab = a3〉, t = 2, 4, 6;
〈a, b | a6 = 1, b2 = a3, b−1ab = a5〉;
〈a, b | an = 1, bϕ(n) = 1, b−1ab = aλn〉, n = 5, 7, 9, 10, 14, 18;
〈a, b | an = 1, bϕ(n)j = 1, b−1ab = aλ2n〉, j = 1, 2, n = 7, 9, 14, 18;
〈a, b | a8 = 1, bt = 1, b−1ab = ar〉, t = 2, 4, r = 3, 5;
〈a, b | a12 = 1, bt = 1, b−1ab = a5〉, t = 2, 4;
〈a, b | a12 = 1, bt = aℓ, b−1ab = a7〉, t = 2, 6, ℓ = t, 12;
〈a, b | a15 = 1, b4 = 1, b−1ab = a2〉;
〈a, b | a16 = 1, b4 = 1, b−1ab = ar〉, r = 3, 5;
〈a, b | a20 = 1, b4 = 1, b−1ab = ar〉, r = 3, 13;
〈a, b | a20 = 1, b4 = a10, b−1ab = a3〉;
〈a, b | a21 = 1, b6 = 1, b−1ab = ar〉, r = 2, 10;
〈a, b | a28 = 1, b6 = aℓ, b−1ab = a11〉, ℓ = 14, 28;
〈a, b | a30 = 1, b4 = 1, b−1ab = a17〉;
〈a, b | a36 = 1, b6 = aℓ, b−1ab = a7〉, ℓ = 6, 36;
〈a, b | a42 = 1, b6 = 1, b−1ab = ar〉, r = 11, 19;
where λn is a generator of U(Z/nZ) and ϕ denotes the Euler’s phi function.
Proof. Let G be as in (3). Suppose G has the cut-property. Since the cut-property
is quotient closed, we have that the cyclic group G/〈a〉 also has the cut-property
and hence,
t = 2, 3, 4 or 6. (4)
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Denote by on(r), the order of r modulo n. If on(r) = d, then one can check that
(〈a, bd〉, 〈aαbd〉) is a strong Shoda pair of G, for some 0 ≤ α < n. For instance,
the following may be a choice of α for various cases:
• If t = d, then α = n− ℓ.
• If t 6= d but ℓ = n, then α = n.
• If t 6= d, ℓ 6= n and g. c. d.( t
d
, n) divides ℓ, where g. c. d.( t
d
, n) denotes the
greatest common divisor of t
d
and n, then α is a solution of t
d
x ≡ −ℓ (mod n).
• For all the other cases, α =
{
m−ℓ
2
, if t
d
= 2;
m−ℓ
3
or 2m−ℓ
3
, if t
d
= 3,
where m denotes the
greatest divisor of n, which is co-prime to t
d
.
In view of (2), the centre of the simple component of Q[G] corresponding to this
strong Shoda pair, computed using Proposition 2, must be either Q or imaginary
quadratic. Therefore, we must have
ϕ(n)
d
≤ 2.
Consequently, [U(Z/nZ) : 〈r〉] ≤ 2. We consider the following possible cases:
Case(I) [U(Z/nZ) : 〈r〉] = 1
Since U(Z/nZ) = 〈r〉, on(r) divides t and t = 2, 3, 4 or 6 (by (4)), we have in
this case on(r) = ϕ(n) = 2, 3, 4 or 6.
Subcase (i) ϕ(n) = 2. Thus, n = 3, 4, 6 and r = n − 1. In this case, for
any n, the admissible values of t are 2, 4, 6. Therefore, for suitable
choices of ℓ, G = 〈a, b | an = 1, bt = aℓ, b−1ab = an−1〉, where n = 3, 4
or 6 and t = 2, 4 or 6.
Subcase (ii) ϕ(n) 6= 2. Observe that in this case, t = on(r) = ϕ(n) = 4 or 6.
As U(Z/nZ) is cyclic, n = 5, 7, 9, 10, 14 or 18. Hence, for suitable choices
of ℓ, G ∼= 〈a, b | an = 1, bt = aℓ, b−1ab = aλn〉, where n = 5, 7, 9, 10, 14
or 18 and t = ϕ(n).
Note that if n is even and ℓ is odd, then t 6= 4, 6. For otherwise, (G, 〈a2〉) is
a strong Shoda pair of G and centre of the simple component corresponding
to this pair is Q(ζ2t) = Q(ζ8) or Q(ζ12). Therefore, we get that any group in
this case, which has the cut-property, must be one of the following:
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〈a, b | an = 1, bt = 1, b−1ab = an−1〉, t = 2, 4, 6, n = 3, 4, 6;
〈a, b | a4 = 1, bt = a2, b−1ab = an−1〉, t = 2, 4, 6;
〈a, b | a6 = 1, b2 = a3, b−1ab = an−1〉;
〈a, b | an = 1, bϕ(n) = 1, b−1ab = aλn〉, n = 5, 7, 9, 10, 14, 18.
Case(II) [U(Z/nZ) : 〈r〉] = 2 and U(Z/nZ) is cyclic
Clearly, on(r) =
ϕ(n)
2
. As on(r) divides t, ϕ(n) = 2, 4, 6, 8 or 12. Since G is
non abelian, ϕ(n) 6= 2. Also, U(Z/nZ) is cyclic yields following subcases:
Subcase(i) ϕ(n) = 4, n = 5, 10. In this case t = 2, 4 or 6; and r = n − 1.
Notice that the centre of the simple component corresponding to the
strong Shoda pair (〈a, b2〉, 〈b2〉) is Q(ζn+ ζ−1n ), which is a real quadratic
extension of Q. Hence, this case yields no group with the cut-property.
Subcase(ii) ϕ(n) = 6, n = 7, 9, 14, 18. In this case, t = 3 or 6, as on(r)
divides t. As noted in Case(I), if n = 14 and t = 6, then ℓ 6= 7 and hence,
we must have bt = 1 i.e. G ∼= 〈a, b | an = 1, bϕ(n) = 1, b−1ab = aλ2n〉
or G ∼= 〈a, b | an = 1, bϕ(n)2 = aℓ, b−1ab = aλ2n〉, ℓ = 0 (mod 7), if
n = 7, 14. Similar arguments yield that ℓ ≡ 0 (mod 6), if n = 18 and
t = 6. Otherwise, ℓ ≡ 0 (mod 3), for n = 9, 18. Further, in view of [6],
the groups listed above are isomorphic to one of the following:
〈a, b | an = 1, bϕ(n)j = 1, b−1ab = aλ2n〉, j = 1, 2, n = 7, 9, 14, 18. (5)
Subcase(iii) ϕ(n) = 12, n = 13, 26. Here, (〈a〉, 〈1〉) is a strong Shoda pair
and the centre of the corresponding simple component is contained in
Q(ζn+ ζ
−1
n ), which is a real extension of Q. Hence, this case also yields
no group with the cut-property.
Therefore, if [U(Z/nZ) : 〈r〉] = 2 and U(Z/nZ) is cyclic group generated by
λn, then G is isomorphic to one of the groups in (5).
Case(III) [U(Z/nZ) : 〈r〉] = 2 and U(Z/nZ) is non-cyclic
For each group in this case, we enlist below the strong Shoda pair of G,
denoted by SSP, which yields the simple component of Q[G], whose centre is
different from Q or imaginary quadratic and hence restricts G from having
the cut-property. For each n, we list the choice of parameters t, r and ℓ, which
define the group G, as given in (3). As U(Z/nZ) is non-cyclic, on(r) = ϕ(n)2
and on(r) divides t, we have the following subcases:
9
Subcase(i) ϕ(n) = 4, n = 8, 12, t = 2, 4 or 6.
n = 8
t r ℓ SSP
2 7 4,8 (〈a〉, 〈1〉)
4 3 4 (〈a, b2〉, 〈a2b2〉)
4 5 2 (〈a, b2〉, 〈a3b2〉)
4 7 8 (〈a, b2〉, 〈b2〉)
6 3,7 8 (〈a, b2〉, 〈b2〉)
6 5 8 (〈a, b〉, 〈a4, b3〉)
6 5 4 (〈a, b2〉, 〈a4b2〉)
n = 12
t r ℓ SSP
2 5 3 (〈a, b〉, 〈a4〉)
2 11 6,12 (〈a〉, 〈1〉)
4 5 3 (〈a, b〉, 〈a2〉)
4 5 6 (〈a, b〉, 〈ab2〉)
4 7 2,12 (〈a, b〉, 〈a3〉)
4 11 12 (〈a, b2〉, 〈b2〉)
4 11 6 (〈a, b2〉, 〈a9b2〉)
6 5 12 (〈a, b〉, 〈a4, b3〉)
6 5 3 (〈a, b〉, 〈a2〉)
6 7 2,4 (〈a, b〉, 〈a3〉)
6 11 12 (〈a, b2〉, 〈a4b2〉)
6 11 6 (〈a, b2〉, 〈a10b2〉)
Subcase(ii) ϕ(n) = 8, n = 15, 16, 20, 30, t = 4.
n = 15
t r ℓ SSP
4 7 15 (〈a, b〉, 〈a3〉)
n = 20
t r ℓ SSP
4 13 5 (〈a, b〉, 〈a2〉)
4 13 10 (〈a, b〉, 〈ab2, a4〉)
n = 30
t r ℓ SSP
4 7 5,30 (〈a, b〉, 〈a3〉)
4 17 15 (〈a, b〉, 〈a2〉)
Subcase(iii) ϕ(n) = 12, n = 21, 28, 36, 42, t = 6.
n = 21
t r ℓ SSP
6 5 21 (〈a〉, 〈1〉)
6 10 7 (〈a, b〉, 〈a15〉)
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n = 28
t r ℓ SSP
6 3 14,28 (〈a〉, 〈1〉)
6 5 28 (〈a, b〉, 〈a4, b3〉)
6 5 7 (〈a, b〉, 〈a2〉)
n = 36
t r ℓ SSP
6 5 36 (〈a, b〉, 〈a4, b3〉)
6 5 9 (〈a, b〉, 〈a2〉)
6 11 36 (〈a, b2〉, 〈a4b2〉)
6 11 18 (〈a, b2〉, 〈a10b2〉)
n = 42
t r ℓ SSP
6 5 42 (〈a〉, 〈1〉)
6 5, 11 21 (〈a, b〉, 〈a2〉)
6 19 7,21 (〈a, b〉, 〈a2〉)
6 19 14 (〈a, b〉, 〈a3〉)
Clearly, the groups in subcases (i)-(iii) (with different set of parameters)
which are isomorphic to one of the groups tabulated above, fail to have the
cut-property. The remaining ones are isomorphic to one of the following:
〈a, b | a8 = 1, bt = 1, b−1ab = ar〉, t = 2, 4, r = 3, 5.
〈a, b | a12 = 1, bt = 1, b−1ab = a5〉, t = 2, 4.
〈a, b | a12 = 1, bt = aℓ, b−1ab = a7〉, t = 2, 6, ℓ = t, 12.
〈a, b | a15 = 1, b4 = 1, b−1ab = a2〉.
〈a, b | a16 = 1, b4 = 1, b−1ab = ar〉, r = 3, 5.
〈a, b | a20 = 1, b4 = 1, b−1ab = ar〉, r = 3, 13.
〈a, b | a20 = 1, b4 = a10, b−1ab = a3〉.
〈a, b | a21 = 1, b6 = 1, b−1ab = ar〉, r = 2, 10.
〈a, b | a28 = 1, b6 = aℓ, b−1ab = a11〉, ℓ = 14, 28.
〈a, b | a30 = 1, b4 = 1, b−1ab = a17〉.
〈a, b | a36 = 1, b6 = aℓ, b−1ab = a7〉, ℓ = 6, 36.
〈a, b | a42 = 1, b6 = 1, b−1ab = ar〉, r = 11, 19.
For isomorphism of groups, we have again used the results of [6].
It only remains to check that each group G listed in the theorem has the cut-
property. Since metacyclic groups are normally monomial [5], and hence strongly
monomial [3], this can be done using Theorem 3.1 of [15] (see also [4], Theorem 2)
on the rank of the free abelian component of Z(U(Z[G])) and Theorem 1 of [3] on
the computation of strong Shoda pairs of G. 
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Remark 3 In view of ([13], p. 545), an alternative approach to determine meta-
cyclic groups with the cut-property would be to compute the character fields of their
complex irreducible representations [7].
Remark 4 Recall that a group G is said to have the normalizer property, if
G.Z(U(Z[G])) = NU(G), the normalizer of G in U(Z[G]). It is known ([20],
Lemma 2.1) that the cut-property implies the normalizer property. It is inter-
esting to note that although it is easy to see that all metacyclic groups have the
normalizer property, only a few of them have the cut property.
3.2 The upper central series
It is well known ([1], Theorem 2.6) that, for a finite group G, the central height
of V (Z[G]), the group of units of augmentation 1 in Z[G], is at most 2. In this
section, we give a classification of finite metacyclic groups G for the permissible
values of the central height of V (Z[G]).
Theorem 6 Let G be a finite metacyclic group and let V (Z[G]) be the group of
units of augmentation 1 in Z[G].
(I) The central height of V (Z[G]) equals 0 if, and only if, G is isomorphic to one
of following:
〈a, b | a3 = 1, b2 = 1, b−1ab = a2〉
〈a, b | a5 = 1, b4 = 1, b−1ab = a2〉
〈a, b | a7 = 1, b6 = 1, b−1ab = a3〉
〈a, b | a9 = 1, b6 = 1, b−1ab = a2〉
〈a, b | a7 = 1, b3 = 1, b−1ab = a2〉
〈a, b | a15 = 1, b4 = 1, b−1ab = a2〉
〈a, b | a21 = 1, b6 = 1, b−1ab = a2〉.
(II) The central height of V (Z[G]) equals 2 if, and only if, G is isomorphic to
〈a, b | an = 1, b2 = an2 , b−1ab = a−1〉,
where n is a positive integer divisible by 4.
(III) For all other groups G, the central height of V (Z[G]) equals 1.
Proof. Let G be as in (3).
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(I) Clearly, if the central height of V (Z[G]) equals 0, i.e., V (Z[G]) = 〈1〉, then G
must be one of the groups listed in Theorem 5 with Z(G) = 〈1〉. Observe
that 1 6= aibj ∈ Z(G) if, and only if, for some i, j, not both 0, ri ≡ i(mod n)
and rj ≡ 1(mod n), where 0 ≤ i < n and 0 ≤ j < t. This occurs if, and only
if, either g. c. d.(r − 1, n) 6= 1 or bon(r) 6= 1. These observations yield (I).
(II) In view of ([2], Theorem 3.7), the central height of V (Z[G]) is 2 if, and only
if, G is a Q∗ group, i.e., there exists an abelian subgroup H of G of index 2
and an element x of order 4 such that G = 〈H, x〉 and the following holds:
(i) x−1hx = h−1 for each h ∈ H ;
(ii) x2 = y2 for some y ∈ H ;
(iii) H is not an elementary Abelian 2-group.
We thus examine which metacyclic groups are Q∗ groups. As the index of H
in G is 2, we have that a2 ∈ H , and therefore H ∩ 〈a〉 = 〈a〉 or 〈a2〉. We take
these two cases seperately.
H ∩ 〈a〉 = 〈a〉.
The index of H in G being 2, we must have that H = 〈a, b2〉. Furthermore,
as H is abelian, b2 commutes with a and hence b2 ∈ Z(G). This gives b4 = 1
since x−1b2x = b−2 (by (i)). As x ∈ Hb, i.e., x = h′b, for some h′ ∈ H , it fol-
lows from (i) that b−1hb = h−1, for every h ∈ H and hence x2 = h′bh′b = b2.
This implies that the order of b must be 4. Also by (ii), there exists an ele-
ment y ∈ H of order 4 with x2 = y2. However, H has an element of order 4
if, and only if, 4 divides n, and in that case, the only elements in H of order
4 are (a
n
4 )ib2j , with i = 1, 3 and j = 0, 1. Further, notice that the square
of all of these four elements is a
n
2 . Consequently, we must have b2 = a
n
2 and
G ∼= 〈a, b | an = 1, b2 = an2 , b−1ab = a−1〉, where n is divisible by 4.
H ∩ 〈a〉 = 〈a2〉.
In this case, we have H = 〈a2, b〉 or 〈a2, ab〉, depending upon whether
b belongs to H or not. Suppose H = 〈a2, b〉. Since H is abelian, we have that
a2 commutes with b, so that a2 ∈ Z(G). It thus follows by (i) that a4 = 1.
However, 〈a〉 is a normal subgroup of non abelian group G, which yields
that the order of a cannot be 2. Therefore, the order of a is 4 and bab−1
must be a−1. Further as x ∈ Ha, x−1bx = b−1 implies that a−1ba = b−1.
Consequently, a2 = b2 and G ∼= 〈a, b | a4 = 1, b2 = a2, b−1ab = a−1〉.
Similarly, if H = 〈a2, ab〉, then G ∼= 〈a, b | a4 = 1, b2 = a2, b−1ab = a−1〉. 
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